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Attachment of a uubimerged, Incompressible, two-dimenuio al;, tur-
bulent jet to an adjacent straight wall (Coanda effect) Is a lyxed.
Parametric equations are developed that predict the point at vhich the
jet attaches as a function of wall angle and offset dista: ca. Computer
solutions were obtained for several sets of conditions. 1•zx iments:1 were conducted with both air and water jets at Mach 0.5 ec•ul -lent, and
results agree well with corresponding computer solutions who the jet

* • spread parameter is also treated as a function of offset dis iznce and
wall angle. The equations provide an analytic method, indeplndent of
the particular fluid, for predicting the attachment distance, and

m should be helpful in designing elements based on the Coanda !1fect;
e.g., the fluid flip-flops or bistable elements.

1. INTR0DUCTJCM

The steady-state deflection and attachment of a jet to nearby
surface has been referred to as the Coanda effect. The effect with
respect to two-dimensional flow is of interest since two-dim n ional
flow in approximated in many fluid devices where the flow is c.nstrained
between two opposing parallel flat plates, and the proper de ign of many
elements using the Coanda effect requires a means for calc.l ttng the
attachment distance as wall angle and offset distance are va ied.

Dorque and Newman (ref 1) As well as Sawyer (ref 2) dis :s the
deflection and reattachment of a two-dimensional, submerged, • com-
pressible, turbulent jet to an adjacent flat plate, and develcp equ&-
tions to predict the attachment distance as a function of the distance
that the wall is offset from the nozzle exit, or, alternativ 1v-, as a
function of the angle between the wall with zero offset and -he axis
of the nozzle. A study was initiated to develop a more gene a. expres-

sion of attachment distance as a function of both parameters, The study
included a theoretical analysis and derivation, computer sol tons, and
tests with air and water jets.

3 2. THIOlUTI CAL DIV WI•=NT

2.1 Analytic Base

3 The Coanda effect, as discussed here, arises am fc,"Iows. A
submerged jet (fig. 1) entrains fluid by means of viscous intej'action
between the moving stream and the quiescent surrounding fluic. If a
wall is located such that the replacement flow is impeded, the static
pressure in the fluid between the jet and wall decreases, and the pres-
sure differential across the jet deflects the jet towards tZ_ tll.
The pressure differential is self-reinforcing until the jet I '4eflected
far enough to attach to the wall. A bubble of reduced static pressure
is inclosed between the jet stream and wall maintaining the attachment.

U
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A steady-state flow pattern arises where the mass entraine, oy the Jet
from the bubble Is rdturned to thr bubble near the attachac '. point.

The analytic development of a general expression cescribing

the steady-state flow pattern requires the following assuml, ions:

-(a) The jet flow is incompressible and two-dime. ional.
(b) Jet velocity in uniform at the nozzle exit.
(c) The jet velocity in independent of the redu. I pressure

in the bubble.
(d) The pressure within the separation bubble it iniform.
(e) Jet momentum flux is conserved, i.e., drag 1.ý sea due to

constraining plates are neglected.
(f) The centerline of the jet is a circular arc f radius R.
(g) The nozzle width is small compared with R; a. d the attach-

ment-wall length is long compared with the . zzle width.
(h) The jet exhibits turbulent flow after emer-i; g from the

nozzle; i.e., the Reynolds number is high.
(i) Changes in the jet structure due to the cent fugal force

of curvature are negligible.

2.2 Notation

Figure 1 illustrates the jet model. The notation saed in

figure 1 and in the derivation is as follows:

D = distance from attachment wall to the side of e nozzle (it)

J = jet momentum flux per unit depth (lbf/ft)

po= stagnation pressure of the fluid supplying th• jet (lb/ft 5 )

pB= static pressure of fluid in bubble (lbf/ft 2 )

po static pressure of fluid surrounding the Jet ý of/it2)

Q = volume flow (ft 3 /sec)

Q%= volume flow at nozzle exit (ft 3 /sec)

Q.= total volume flow at a distance s from the nor;le exit

(ft 3 /sec)

R = radius of a theoretical circular arc descrilec by the jet

centerline (it)

a = arbitrary distance along the Jet centerline lx- i the nozzle

exit (it)

0 = distance from the hypothetical (apparent) ,,rig.ý of the jet
O to the nozzle exit.

t = parameter from Goertler's equation for Jet val• city profile
(dimensionless)



ii :
U W jet stream velocity (fps)

u,= uniform jet stream velocity at the exit (fps)u
u = jet stream velocity at the centerline (fps)

U0
w = nozzle width (it)

E/, y = distance from the jet centerline to an arbitrary point
* measured on a line normal to the centerline (it)
-- y = distance from the -jet streamline that passes through

the attachment poilkt to the jet centerline, mea-ired on
a line normal to the centerline

x = distance from the attachment point to the offset wall
measured along the attachment wall (ft)

a = angle between the attachment wall and a line par-llel to
the nozzle axis (rad or deg)

0 = angle between the jet centerline and the att4cký at wall
(rad or deg)

p = density of the fluid (ibm/it 3 )

a = spread parameter for a free turbulent jet (dimen~ionless)

gc= 32.2 lbm-ft/sec-lbfI

Il//

3 ligure 1. Mathematical model of the attachment of a two-dies-

mm sional jet to an offset, inclined adjacent wall.

*1a
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2.3 Derivation of Rquations

2.3.1 Parameter (t)

The parameter t, which is taken from the velocity-
profile equation given by Goertler (ref 3), is derived as follows
(fig.- 1):

Goertler gives the jet stream velocity u as a func-
tion of the distance s the jet has traveled, the distance y iron the
centerline, and the jet centerline velocity u. at a distance a from
the nozzle exit, thus,

U M u sechn (- (1)

S4p(s + s)

where s is the distance from the nozzle exit to the apparent jet origin
(the pont from which the jet appears to emanate) y is an arbitrary
distance from the centerline, a is the jet spread paraM Ler, and J is
the jet momentum flux.

The velocity profile at the nozzle exit is uniform
(fig. 2a) by assumption. A representative Jet velocity profile at s
per Goertler's expression is illustrated in figure 2b.

U U

W/2 0 00 y 0

~-*y

(a) Jet stream velocity profile (b) Jet stream vel city profile
assumed at s= 0 at a distanc > 0 per

Goertler's e. .*jssion

Figure 2. Jet stream velocity prc. les.

.8



' In general, volume flow is not conserved, but by asruml-
tion, there exists a line of constant volume flow which is called the

k attachment streamline. The attachment streamline is a distt.noe w/2 from

S-U the Jet centerline at the nozzle exit and a distance y' froa the center-
line at a distance * from the nozzle. The fluid is incompressible and
two dimensional by assumption; hence, one half the jet vol'Lae flow is

~Ii 0

To solve for a , one half the volume flow Q6/2 at the nozzlj exit is

first assumed Yo be equal to one half the volume flow Q/2 , a > 0

using Goertler's expression, i.e.,

- or Ue udy (2)

0

where w is the nozzle width and u is the velocity at the zzle exit.

Substituting (1) into (2)

_(a sech (- ) dy=u
S 4 "o)1 +

I By integrating and noting that tanh 0 = 0,

I Ljp~~sJ(: tanh ( y' @

I which simplifies to

I "
3 J(5 +9 dg Ul an s / aye23

which is an expression for the volume flow for half the stre-m at the

nozzle aexit. Since the jet momentum flux at the nozzle exit is

j =-- , the normalized volume flow for half the stream bocomes

I 'w "o)] tanh ay)

.1 9



Then the dimensionless parameter t is defined as

t tanh cy (4)
0

and

te = tanh2 ( y w+ (5)

which is the equation of the streamline.

Figure 3 shows that Goertler'& equation does not ade-

quately represent the volume flow at the nozzle exit. •L•wever, the

approximation is made: the volume flow at the nozzle exit u (w/2) is

forced to be equal to'the volume flow at the nozzle exit given by
00

Goertler's equation f udy. This permits an evaluation of so.

0

ASSUMED FLOW PREDICTED FROM

AT NOZZLE EXIT GOERTLER'S
IPROFIa: EQUATION

0 W

Figure 3. Comparison of Goertler's equation prediction

with assumed flow at nozzle exit.

,Judy ue 2

0

and proceeding as with equation (2)

10



++-•r I I+ a+ n 00 .
- 0 1 C)s~~ U.-a 2

[3j(s + 0 )g0  (6

-- m.. pu aw
* At the nozzle exit s= 0 and J = .

"then

[Pu ow a g VX n

which becomes

~ OwS o - ( 7 )

E 3Substituting (7) into (5) yields

3s 1ow -1z (8)

I for the attachment streamline.

3 2.3.2 Attachment Angle

"Two approaches that may be used to express the attach-*
ment angle 9 as a function of t are illustrated in figure 4. The first

A
'

a 
n

S• , • JET CErNT&•RLINE

J •CONTROL VOLUME

I W12

Figure 4. Mathematical model for control-volume a_3 attachment-point theories. 21z



approach evaluates the forces (J, Ji, and 12) acting at the attachment
point and assumes that the momentum flux component parallel to the wall
is conserved. This representation of the attachment mechanism will be
called the attachment-point model. The second approach considers the
forces due to (p -p ) acting on the control volume inclosed by the

centerline of thi'jev, the attachment wall and offset wall, shown as
the shaded region in figure 4. The two models considered are attempts
to represent the mechanism of attachment. There seemed no reason to
prefer either model, and both were developed.

Attachment-Point Model-An expression for 9 in terms
of t is obtained as follows: From figure 4 one can write

J1 - J2 = J coo 0 (9)

The J's can be written as integrals of the form

J puady

Using the Goertler equation (1), this becomes

-U ad =p Ja ) s+ ) j nech4 (~ \d( ay-.J u(4p(a + so))~ C/r 8+50 +4

Integrating and substituting the value of t from (4)

sop

J 2 = Iu dyI = (3t -')

yI y

Since t tanh ay tanh 0 = 0, and tanh co = 1,

(3-1 ) - (t-t'-3) j - ( ()t'-t'3) (10)

Now = y

"00 -00

Since

12
i W rpuad



and since u ins yrnotric

Thus

Proceeding as with J2P

I a J (11)
J 1 = 1 +4 (3t' -t')

I Inserting the values of J and J2 from (10) and (11) into (9)

j Co 3m .~t 1 _.t3)_j 3jýtl l.t'3)J cosn 0e-= (+• - !t' 3 ) - J(' - t +
2 4 42 4 4

I and finally
^ 3 t 1 t3

Cog a 1 t - --2 (12)

I Control-Volume Model-The force equation states that
the momentum flux returned to the 1w-pressure region p 3B balances the
pressure difference times tho area normal to the wall. This can be

expressed as

Scosx -J 1  (Poo "P 3 )(D + 1) cos a (13)

From figure 4

coo R D w/A and oos A

thusIA
cos c D 2I

lubstituting coo - gives

Sre~~l- cosOe = +
"I co' - + (14)

SI



Using (14) and the approzimation tAP - - (justified in appendix A)
in (13)

j coosCx- 1  ( R (1 -~ co os•) ~cos eJ c s - 1 ( R (1 - --- -= co s a

which simplifies to

coo a- T- cos a'- Cos 0

Hence J
Cos =- 

(15)

which is equivalent to (9) with J2 z 0.

Substituting the value of J 1 /J from equation (11)

gives (3t I t'3 ) +J

co •2 + 2 tW (16)
2 24 4

As in (12), cor 0 again involves only y, a, and a, and not a. Xqua-
tions (12) and (16) are the same as those obtained by Borque and
Newman even though the wall angle ca has been considered in this
derivation.

Comparison of Models-Two different expreýsions for
cor e as a function of t" have been derived. In th• proccas, two ex-
pressions relating (J J2) and coo * have occurred.

0

attachment-point model: 71-.J2 = J cos i (9)

control-volume model: -1 J Cos 0 (15)

The primary reason for this difference in (9) and (15) is 'at the
difference of pressure V P- = tAp was neglected in the attachment-
point model. The reaction of the stream to J2 tends to movo the
attachment point downstreamj hence to increase x. The eff!ct of Ap
on the Jet is to decrease x by shrinking the trapped bubbl•. Thus
the consideration of Ap tends to reduce the magnitude of J 2 . If the
control volume model were more nearly correct-as measured by the
discrepancy between the theory and experimental data-then -ne might
conclude that the effect of Ap tends to cancel J2. Howeve 4 f the
attachment-point model agreed more closely with experiment * dr-ta,
then this would not be so.

14



ii
f 12.3.3 Geometry of Attacbment

Substituting (7) Into (4)

ta" 1  ' t W

Then solving for y" and substituttng the value of 3s/aw fr-ra (8)

-I ]
y o 4 3s+O t'F = W 1t

__ = •~~~ tanh- tn t.hIt

Finally
y:= W t' 17

tanh-t (17)

For the case where a Is the distance from the nozzle exit to the attach-
ment point, (fig. 4)

0 = R (9 + a) (18)

and combining (8) and (18) yields

1I 3R(O + a)

m Hence

R _ 7 ,'a

I Again using figure 4

A= (R- D -)cos a R cos

or
o r Rw R c o o 0

R - D - Co co a

solving for!

D R c C 1

*' 15



Now substituting (19) into (20)

D _ ,1cos O 1
w = ( + a) ( '- o---- -~ (21)

This is the first of the required parametric equation it reduces to
the form found by Borque and Newman as shown below.

At a = 0, (21) becomes

D ¢Y 1 1

w ( - 1) (1 - Cos 0) -

which is Borque's equation (15); and at a =9 0j it rec to -

(The negative sign arises from the convention that pc lve D is
directed away from the centerline of the Jet while pc ive R is
directed away from the common vertex of a and 0.)

Referring to figure 1,

x -= D -D ) sin a

x2 = R sin 0

x y=f/sln 0

and x = x 1 + x 2 - x 3

Combining these yields

_ (R - D - W) sin a2 R sin 0 (2- = - (22)
w w w w sin o

Substituting (17) and (19) into (22)

( () (sin a + sin ) tanh-

(23)

which is the second of the required parametric equations. If the
value a = 0 is used (23) reduces to

xi a I anh'ltw TO- (T - 1) sin 9 - 3t'8i sin 9

which is Borque's equation (17) for the came, a. 0.

16



Taking 0 9e and I-

-•5 = 1 1) sin c-
3aV 3t' "$ in

which is Borqugts equation (23) for the 0 offset came assu .ng
aX = B. Since is measured from the centerline, - corre ponds to

3 0 offset.

This more general theory is ex cted to g ve more ac-curate results for small angles when an offset o 1 is us d, since theIa 2
separation bubble will be larger ahd the assumption that a = 0 is not
necessary.

2.3.4 Entraiiunent

The parameter a is a floating constant th t accounts
* for the geometrical spread of the jet due to entrainment. Previous ex-

perimental work by Reichardt (ref 4) estimated the value c a as 7.67
for a straight jet; however, due to the curvature in this aseo the
entrainment, hence the value of a, would be expected to be different.
To obtain an expression for the entrained volume flow in t ras of s
and a, (3) is required.

If y is taken from 0 to 0, then i is equal to the total jlume flow
on, one side of the jet centerline, including the entrainc flow.
ThusI Is t (24)

l a So] tanh(co)(24-

orr 2/

and since

Op usw

(24 becomes w

2 : (23)

* . 17



Since UeW
S - from (2)

and defining , = %

and substituting into (25)

if (26)

The entrained flow, i.e., the excess over the flow at the nozzle
exit is % - Q6 and is normalized an

Qq - l-Q e - q ,

At the origin Qa QT so that the entrained flow is ze~o. Hence
rewriting (26) s

q- 1 = w s (27)

yields an expression for the normalized entrained volui a flow in
terms of s and a. The value of q' varies directly as LY- the distance
the stream travels, and inversely as a, the spread pa- umeter and w,
the nozzle width. It also must be true that the entra-ied flow varies
directly as the separation bubble size, since the bubbla size also
varies with s and a. The separation bubble size, hence the entrain-
ment, is determined by D/w and a. If the entrained flow is determined
by s/a, then D/w and a must affect the distance s and tie spread param-
eter a.

2.4 Computation

It was not possible to obtain an explicit ex: ession for x/V
as a function of a and D/w in a form that could be usee for computation.
Instead, parametric equations were derived and the atta 'hment distance
was computed indirectly.

First (12) and (16) give two different expre dions for cos 0
in terms of the parameter to and will be referred to at the point and
the volume equations, respectively. Second, (21) allo- i the computation

of D/w, the offset distance, in terms of t', a, and a. ',inally (23)
permits the computation of x/V in terms of the same qu i''ties. For each
selected value of a and a, a range of values for t' wei , welected, so

that 0 was less than 90 dog. This required preliminary computations to

18



determine the rafge, f or 't, since the range differed f or i and
Volume equations and for each value of a and a used. heu. ranges
Were determined,, the values of 6, R/v, y/w, D/w, x/v were iiat
smal1 intervals on each of the s~elected' ar values and for
55 deg. An example of such a page of computations, whic'h ½no onl
-an IBM 7090 computer', is included as table 1. For each a condition,

*the x/v that corresponded to D/v = 0,P 21 4j, 10 was found I .. polation.
* l The results -are shown in Table II.- This op~eration was re id the

resulting points plotted sad connected for each of the D/ for
ax = 0 to 55 deg. Itch page-corresponds to a value of ca z -9 ini
addition to the family of four theoretical curves,, the Ce: 1 data
points. Figures 11 throuigh 17 present the families of ct, ar in
the range 1 to 15 for the control-volume nodel; and figui gE21 present the families for values of a = 15), 20, 25, 30tc-
mont-point model.

Table 1. Sample Computer Print-out Sheet, a = 2,

... . . 02:1 ' 331101 123:T OL 4 50780i80 00 1.217, IE 01

1.4000-l 42333-1 ?.113333qq0-01 , 416i a .Issonle o., 0 11:2 S 0 s"1!6E0
1:67.0000"1-01 6:1301531-4-0 1 .20131540-01 S.80134066t 0 01 2.11063 01 40970E0490C " Z l
11 .5 000 ,6- o 3 0..0175-. '. S200 -01 1 04104Eot80 .1478S1,6 01f OL .42738010 00 1.17C, 176E 01
LA.010008001 :.31.184301 a ?072"?%0~0 .444 601 1. ....... 01 3.0300326O 00 37 21,571 00
1.04400"06-01 4.436.6531-01 7?.IS 210. tOtol :-01 1 ""'91 '81t" 0"1 I.03000 01 3.4900"31I 00 6 40' 498 0

2.00 00":O :101,2,3*: 0 , 7 141.110 Ol t M13M t 3.3033200f 00 5.O 1- UT321 00
2.0949S _1 6.301Z101 r4S716 - 1 &* 1611 1 t 53 4 0 1t 3.a71 1 k 00 4 .4 61 001 Q
:3000 01 74846-0 .041[ 1 1457 01 1 .31 041 00 ý.2k 14k 00

1.140000-01 *. 0?0181o -01 ?.3703ILOE-01 4.7460997E 01 1.0019f4ff 01 2.4444014e 00 I.A^ "0f 00
:*.47"001E-0I1 .124781 .111099001 4.59M I36! 01, L.430 01 2.754 ME08 00 1:1, 5121YE 00

2.00919E0 1 ' . 18384CE01 ? 25213011-1 4.448lid1 01 161411380 01 1.3 206i 00 1 ll0
is.6,999-o .9747901 ?L~olu *1 4.s43Ib 0 .0013t01 2.S48128008 00 -547 > P0

a ..9a 991:Q!~-0 7.0720428.01o 71.004111-6E01 41:4 18ME 0t1 0.86811M, 00 2:1.1411781 00 2.1 5, .1102

3.1900V19-0 7.1417 4281- 80 437094 11-0 4 419123411 at 9.4,7432It 00 2.42 70844 00 Z., 0)1
a 92999990-01 7.724-l 8000-1 4.04700441 01 9:,01417111 00 .2:743.'. 3E .0 C.? 00J
3 0 00 t.10'8003 0I .. "' -0 I'I. 00)
5.1000000E1-0 ?._15729 , -0 ..813107:10 1 . 1.20181401 7 .109'614M o I 2 10"1119 00U.)

3.19:;-O~ M 0:1-0 . 196 91 1 1 79 M 0002. 0 10 000 . 4100
3.4090901-01 7.31408301-01 8.443967 10-L 4.1242'il1b4 0.1 4.7 0378 0 : 1.04031M 08 1. "' CO '
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Table II. Interpolated values of and 0 for se2 ciw

D/w x/w

0. -9.6919863E-01 3.162C 'E 1
10000000E 00 1.0929889E 00 4.056"i 1. -

2.OOOOOOOE 00 2,8548701E OC 4.417ý_ 1
4.000000E 00 6.2584630E 00 4.7725 •[I -1
6.OOOOOOOE 00 9.6303045E 00 4*.9605 C :1
8.0000000E 00 1.2998519E 01 5.0818 E ý1
1.OOOOOOOE 01 1.6368838E 01 5.1684 :E -1

3. EXPERIMENTAL PROGRAM

Experiments were conducted with both air and wate determine
the attachment distance as a function of offset distant 11 angle
The test models were designed to obtain essentially tw. n inal in-

compressible turbulent flow.

The test with a Mach 0.5 air Jet was conducted wi distances
of 0, 2, 4, and 10 nozzle widths; the wall angle was 1 5-deg in-
crements from 0 to 55 dog for each offset. Tests with r jet (simu-
lated Mach 0.5) were conducted with offset distances c 1(: 4 nozzle
widths; and the wall angle was moved in 2-deg incremei.ý to 40 deg
or less for each offset. The attachment distances for and for
computer solutions of the parametric equations for varic vu'- es of the
spread parameter a are plotted in figures 11 through 21

3.1 Air-Jet Test Model

The test model used in air-Jet tests is shoAý 5. The
nozzle aspect ratio (nozzle height to width) is 8, whl satis-
factory approximation of two-dimensional flow, particu' the
measurements are made halfway between .the constraining

The nozzle is 1/32-in. wide; the attachment v '0 nozzle
widths long, and can be rotated through 60 deg and offb as 10
nozzle widths.

The attachment point is the location on the all
where the stream divides, so that all fluid on one sid the bub-
ble and all fluid on the opposite side continues along Along
the surface of the wall, the dynamic pressure vector ±b irection
of the stream beyond the attachment point, but back to': zle within
the inclosed bubble. Therefore, the point on the surfL ýall at
which the total dynamic pressure goes through a null sh good
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estimate of the attachment point. To determine the locat on of the
null, a single, 0.022-in. o.d., 0.012-in. i.d. pitot tubc was placed
parallel to the ngszle axis and moved along the attachmeL wall with

the pitot probe bent slightly to follow the wall. The pi ot was mounted
on a calibrated jeweler's three-slide rest which measurc: the distance
along the wall, with height adjustment maintained halfwa: _tween the
constraining plates as shown in figure 6. The point at - .ch the dynamic
pressure went through zero was recorded as the attachment )oint. The
data obtained are plotted as open symbols on figures 11 '1. This
method was used in preference to static probes, which wae ',ave required
moving for each test.

The output of the pitot was fed to a pressure-. .rltage trans-
ducer, amplified, and readout on an x-y recorder. This to be an
extremely sensitive arrangement and a few thousandths of -ILh of pitot
movement was readily detectable on the recorder. When t t-achment
bubble was very small, as in the case of zero offset and .1 cr, insta-
bility due to the probe size was encountered. When a wa than 25
deg at zero offset, the width of the bubble was less than ;1'2 probe diam-
eter, and the attachment point could not be located.

An inherent error is associated with this meth' .asurement,
because the pitot opening is not a true point, and the ai which the
attaching Jet stream makes with the wall, changes.

MEASURED ATTACHMENT
POINT

TRUE ATTACH ,.
POINT

Figure 7. Errors in measuring attachment din,

"The pitot tube has an opening of about 1/3 nozzle width an t-rds to

average the high and low pressures. The smaller the angl ., "ie greater
will be the averaging. which will tend to give an appareL. .. ater x/w
than the actual value. This effect will decrease to a mi. :n as the
attachment angle approaches 90 deg, as seen from figure 7.
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3.2 Water-Jet Test Model

Figures S. 9, and 10 illustrate the water ta-. used in these
experiments, which were conducted* at the university of ryland Wind
Tunnel Operations Department (ref 5). The water table 1 22 ft long

-and 30 in. wide. The water flow was gradually channeled from the 30-in.
wide stagnation region to the
nozzle throatj which was 0.5
in. wide. An estimate of the
simulated Mach number on the
water table, provided by the
University (ref 6), is wach
number = [2(do-d)/dV where
do = stagnation region depth,
d= depth at nozzle exit. Wa-
ter depth readings were rem.F

corded at the nozzle exit and
stagnation region; the simula-
tad Mach number used was 0.5

The distance along the at-
tachment wall was measured by
Introducing a dye and noting
the point of stagnation on the
wall. The dye was introduced

ATTACHMENT
WALL

Figure 9. University ...ryland Wa-

ter table. Mathematic. model super-
imposed.

/47 via a small probe placed r erdicular to
/ a the water table and adjacc. to the at-

tachment wall. The water t d,, a are
plotted as solid symbols c i . s 11

through 21. Offsets of 0, 1 1 nozzle
widths were used, and, foz" ' "feet,
the attachment wall was mov.. ttt 2-deg in-
crements as far as the tabl. ' th would
permit. With the geometry ýn, it
was impossible to Increase e Ile a to
greater than 40-deg, ane _-. e wall
was only 25 nozzle widths'' lucing

Figure 10. Schematic of ex- it further to obtain great was

perimental water table, not considered.

FContract DA-49-186-502-ORD-913
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3.3 Comparison of Results

The attachment-point equations give satisfactory ;reement,l N with the experimental results for offset distances of 0, 2, a-d 4
nozzle widths at values of a less than 40 deg using a m 15 •_•d a = 20
(fig. 18, 19). Agreement is poor for other values of a and for an:'
offset distance of 10 nozzle widths and does not appear to improve
for other values of a.

The control-volume computations agree with the ex;,arimental
results, but a single value of a does not fit for all conditlons. If
it in assumed that the value of a for which the data and tht ry agree
is the effective a for the particular D/w and a, then the fc'lowing
observations can be made by examining figures 11 through 17: as a In-
creases, the value of a decreases, and as D/w increasesthe Rlue of a
decreases. The relations can be very crudely estimated as iiown in
the chart-below.

Approximate values of a for combinations of a a: Llw

m DD/Wv 0 10 20 30 40

2 - 10 8 6

2 12 10 8 6 4
4 10 8 6 4 2

3 L0 2.5 1 1 1 1

These results are consistent with the development given in ýc. 2.3.4;
i.e., a is a function of D/W and a hence of bubble-:size.

The width of the water table severely limits the wall length
and the angle a through which it may turn. For the data ava.ilable, It
is noted that the theoretical control-volume computations f- c. = 7
and 8 (fig. 14, 15) show excellent agreement with the data r D/w -

0, 2, and 4 nozzle widths over the range of possible values f a. The
computations of a = 6 agree better with the D/w = 4. The t. "etical
attachment-point computations agree closely with the data Pý i/w = 0
using a a = 15 and for D/w = 2 and 4 using a a =20.

The water and air jet results show excellent agrec-,ont over
the entire range. Since two different fluids, two different : vices,
and two different methods of measuring the attachment were 11y two.
independent sets of experimenters, the excellent agreement r markable.

4. SUMMARY

Equations were developed that predict the attachment dýitance x/w

3 in terms of offset D and wall angle c for a two-dimensional incompressible
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I
turbulent Jet. The expressions are obtained in terms r t
which is defined as

t = tanh [ay/(S+so)3

where y is the distance from the centerline, a is the c jet
has traveled, and a is a spread parameter. Using two L-
pressions for the attachment angle 0 were derived.

3 ti
attachment-point model coo 0 2 2

1 3t t tcontrolbvolume modcl cos o = + 4

I Introducing the geometry, the parametric expressions f(
developed are

* D 1) ( Cos1w - 3(0+a) TV i ( coo a 2

and

w- = ( (--*A - 1) (sin a + sin 0) tanho t
w 3(8-a) t - 3t' 8 sin 0

Computations were performed using both expressions for r

*.several values of a.

Experiments were carried out on an airjet model u.- tube

to determine the attachment point for values of D/w = C nd
0, = $ 5,..., 55 deg. Similar experiments on the water one

for D/w = 0, 2, 4, and a = 0, 2, 4, ... , 40 deg. In b<

curves of x/w versus U formed distinct families that lo
hyperbolas with the D/v determining the location of the ad

the r designating the position on the horizontal axis, ntal
water Jet results show excellent agreement with the con -aodel
computations for a = 8 for D/w = 0 2, and 4 over the c
of wall angles. The computed value of x/w for airjets
control-volume model agree with the experimentally dete
is allowed to change inversely as D/w and a. This is r ,e

entrainment varies inversely as a (27), hence entrainme -ctly
as D/w and a. Computations based on the attachment-poi- tng
values of a = 15, and a = 20 and for 0, 2, and 4 nozzle n ax
range of 0 to 35 deg agree with test data.

5. CONCWSIONB
SThe equations developedl in this report show gooda'h

data obtained from water and airjet experimental data i
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parameter is allowed to vary. The computations baseý ntrol-
volume mnodl showed the effective a was inversely prt to both
D/w and a. The variation in a is consistent with t&. st en-
trained mass flow Is inversely related to a. Using nt-
point model, the effective a appears to be directly eL Df/ and
to a. This model neglects the effect of bubble presa, h-. the
control volume model is the preferred analytical repi t The

theoretical development requires a number of assumpti tler's
jet profile equation Is used, which assumes that the is
that of a free jet and is constant. In this report a
the spread parameter is treated as a floating constat eval-
uated by comparison with the experimental data. Furl 1ht
lead to the development of equations in which a is a D/W
and a or of other parameters of known value.
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APPEMIX A. Derivation of R - J/•p

3 This equation can be arrived at using the we! lations

R1 RWO-=-a W V/R

H Writi'ng rsurdop•area

tiormal acceleration - rnsu- droplua

as (Po -pB) A Ap
a = 0' B =
n PAw pw

3 Substitute into above

vR Ap

Simplify

Since
2 (p. P )- w = PV9W =J

R = T
fAp

a normal acceleration (ft/sec 2 )

A area at the jet centerline (ft2)

R radius of the jet curvature (9t)

V linear velocity of the jet (ft/sec)
w jet width (ft)

p jet density (lbm/ft 3 )Iw jet angular velocity (rad/sec)

I
I
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